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EFFECTIVE GENERIC TORELLI THEOREMS FOR ELLIPTIC
SURFACES
N. I. SHEPHERD-BARRON
Abstract
Suppose that X → C is an algebraic elliptic surface over C of geometric
genus h and irregularity q, that X has no multiple fibres, that h ≥ q + 3
and that 6h ≥ 13(q − 1) + 3. Then, given the period point per(X) of X
that classifies the Hodge structure of weight 2 on the primitive cohomology
H2(X)prim, and given the tangent space at per(X) to the image of the
moduli space under the period map, we recover the quadrics through the
curve C in Ph−1 and thereby recover C. We go on to prove a generic
Torelli theorem for elliptic surfaces with no multiple fibres. The heart
of the proof is the construction, via an explicit plumbing, of certain one-
parameter variations of X for which the derivative of the period map can
be calculated.
AMS classification: 14C34, 32G20.
1 Introduction
If M is a moduli stack of smooth projective varieties over C and per : M→ P
is a period map, then we say that the local Torelli theorem, or the infinitesimal
Torelli theorem, holds at a point x of M if the derivative per∗ of per is injective
at x and that the generic local Torelli theorem holds if it holds at every generic
point ofM. We also say that the generic Torelli theorem holds if per has degree 1
onto its image. As explained on p. 228 of [G], if the generic local Torelli theorem
holds, then the generic Torelli theorem also holds if it can be proved that a variety
X can be recovered from knowledge of the period point per(X) and the subspace
per∗(TXM) of the tangent space Tper(X)P.
In this paper we consider the problem for elliptic surfaces with no multiple
fibres (such surfaces we shall call simple) and show that the situation is closely
parallel to that for curves, as follows.
(1) If C is a curve, a ∈ C and z is a local co-ordinate on C at a, then there
is an associated 1-parameter variation C → ∆ of C, where ∆ is a complex
disc. These are constructed by Fay [F1], with a correction in [F2], via an
explicit plumbing procedure.
The derivative of the corresponding period map (that is, the image of the
tangent space T∆(0)) is of rank 1.
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It is the line in Sym2H0(C,KC)
∨ generated by the square of the linear form
H0(C,KC)→ C given by ω 7→
ω
dz
(a).
If the genus g of C is at least 5 and C is generic then the canonical model of
C is an intersection of quadrics, so that C is recovered from the infinitesimal
period data.
(2) If f : X → C is a general simple elliptic surface then there is a classifying
morphism φ = φf : C → M1, where M1 is the stack of stable curves of
genus 1. Set Z = Ramφ ⊂ C, the ramification divisor. (Up to difficulties
which are removed by the language of stacks, this is the locus where the
derivative of the j-invariant vanishes.)
If also X is algebraic, then the tangent space at the point X to the stack
of algebraic elliptic surfaces is isomorphic to H0(Z,OZ).
Every choice of a point a in Z and of a local co-ordinate on C at a defines a
1-parameter variation of X. This is based on Fay’s plumbing construction
mentioned above.
The derivative of the period map of this variation, which is a linear map
H2,0(X)→ H1,1(X)prim, is of rank 1.
Its kernel is the subspace H0(X,Ω2X(−Ea)) of H
2,0(X), where Ea is the
fibre f−1(a).
Its image is the line generated by the cohomology class [η˜a] of some mero-
morphic 2-form η˜a ∈ H
0(X,Ω2X(2Ea)) of the second kind. That is, the
residue of η˜a along Ea vanishes.
If the Kodaira dimension of X is 1 (recall that all surfaces of Kodaira
dimension 1 are elliptic, and that most elliptic surfaces do have Kodaira
dimension 1) then the canonical model of X is a copy of C embedded in a
projective space Ph−1, and the set Z can be recovered, as a finite point set
in Ph−1, from the infinitesimal period data.
The curve C can be recovered from Z in Ph−1 via quadratic interpolation.
Given C, we then prove a generic Torelli theorem for simple elliptic surfaces.
Remark: It is likely that similar constructions can be made when the phrase
“elliptic curve” is replaced by “Calabi–Yau variety whose moduli stack is 1-
dimensional.”
An essential difference between the two cases, however, is that for curves
these variations arise for any point a on C (for example, the construction is
insensitive to whether a is a Weierstrass point), while for surfaces they only arise
for points of the ramification divisor Z. Indeed, for other points x of C there is
no meromorphic 2-form of the second kind with double poles along Ex. (I am
grateful to Richard Thomas for explaining this to me.)
We now give some more details.
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Definition 1.1 An elliptic surface is Jacobian if it has a section.
Jacobian implies simple but not conversely.
In this paper we consider the stack SE of simple elliptic surfaces f : X → C.
We shall say that X is stable if its j-invariant C → P1j is non-constant and its
singular fibres are all of type I1. Then to give a stable such surface is equivalent to
giving a classifying morphism φ : C →M1, the Artin stack that classifies stable
curves of genus 1. This is not the same as the stack Eℓℓ of stable generalized
elliptic curves; these stacks will be discussed in more detail in Section 2.
Let Z denote the ramification divisor in C of φ. Say h = pg(X) and q =
h1(OX). We shall assume that
6h ≥ 13(q − 1) + 3 and h ≥ q + 3. (1.2)
Write N = 10h + 8(1 − q). As is well known, SE is smooth at the point
corresponding to X and
degZ = N, dimSE = N + h, h1,1(X) = N + 2.
Then we shall prove effective forms of both a generic local Torelli theorem and a
generic Torelli theorem for the weight 2 Hodge structure on X, in the following
sense.
An elliptic surface X → C is algebraic of degree d if there is a divisor class D
on X such that D.ξ = d, where ξ is the class of an elliptic fibre, and the sublattice
〈D, ξ〉 of H2(X,Z) spanned by D, ξ is a primitive sublattice. Let SEd denote the
closed substack of SE consisting of surfaces that are algebraic of degree d. It will
be easy to see that dimSEd = N .
If X is a surface in SEd then H
2(X)prim and H
1,1(X)prim will denote the
orthogonal complement 〈D, ξ〉⊥. If X is in SE but is not necessarily algebraic
then H2(X)prim and H
1,1(X)prim will denote ξ
⊥/Zξ; these two definitions are
equivalent for X ∈ SEd. Observe that h
1,1(X)prim = N .
From the description of SE as the stack that parametrizes morphisms from
curves of genus q to M1 we shall prove the following theorem, which appears as
Theorem 4.6. It is the main result of the paper; everything else follows from it.
Theorem 1.3 Fix a surface f : X → C that is a point of SE . For P ∈ C put
EP = f
−1(P ).
(1) Given a point a of Z there is a tangent line Cva to SE at the point X of
SE .
(2) There is a meromorphic 2-form η˜a ∈ H
0(X,Ω2X(2Ea)) that defines a class
[η˜a] ∈ ξ
⊥.
(3) The corresponding map
va : H
2.0(X)→ H1,1(X)prim
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is of rank 1. Its kernel is the space H0(X,Ω2X(−Ea)) of 2-forms that vanish along
Ea and its image is the line generated by [η˜a] modulo ξ.
We shall use an explicit plumbing procedure due to Fay [F1] [F2] to construct
an explicit 1-parameter deformation corresponding to each a in order to prove
this theorem. So, when X is a point of SEd, we have a detailed description of
an N -dimensional subspace of the tangent space to moduli inside the tangent
space to the period domain as the subspace spanned by certain explicit tensors of
rank 1. (Masa-Hiko Saito has proved the local Torelli theorem for simple elliptic
surfaces [S].)
It is then a matter of linear algebra to recover a sufficiently large subset Z0
of Z as a subset of the projective space Ph−1 in which C is embedded as the
canonical model of X. We then use a theorem of Mumford [Mu] and Saint-Donat
[SD], to the effect that curves of degree at least 2q+2 are intersections of quadrics,
to show that C is determined by quadratic interpolation through Z0. We then
recover all of Z, and go on to prove that, if q ≥ 4, that from the pair (C,Z) we
can recover the classifying morphism φ : C → Eℓℓ, modulo the automorphism
group Gm of Eℓℓ. This recovery of C and φ from the period data we regard as
an effective theorem.
We also prove generic Torelli via ideas similar to those of Chakiris [C1] [C2],
but reinforced by the Minimal Model Program.
I am very grateful to Richard Thomas for a valuable discussion.
2 Preliminaries on stacks and tangent spaces
Everything in the next two sections is well known; if it is not due to either Kas
[Ka] or Kodaira [Ko] then it is folklore.
If X is a Deligne–Mumford stack then [X ] will denote its geometric quotient.
The stack Eℓℓ is the Deligne–Mumford stack over C of stable generalized el-
liptic curves; that is, an S-point of Eℓℓ is a flat projective morphism Y → S
with a section S0 contained in the relatively smooth locus of Y → S and whose
geometric fibres are reduced and irreducible nodal curves of arithmetic genus 1.
Such a curve is then, locally on S, a plane cubic with affine equation
y2 = 4x3 − g4x− g6,
where g4 and g6 are not both zero, so that Eℓℓ is the quotient stack (A
2−{0})/Gm,
where Gm acts on A
2 with weights 4, 6. Note that Gm acts on A
2 as a subgroup
of G2m with its standard action, so that there is a residual action of Gm on Eℓℓ.
This exhibits Gm as the full automorphism group of Eℓℓ.
The geometric quotient [Eℓℓ] of Eℓℓ is the compactified j-line P1j ; if ρ : Eℓℓ→
P1j is the quotient morphism then the automorphism group of each fibre of ρ is
Z/2, except over j = j6 = 0, where it is Z/6, and over j = j4 = 1728, where it is
Z/4. So deg ρ = 1/2. As is well known, it is possible to write down a generalised
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elliptic curve over the open locus U of P1j defined by j 6= 0, 1728, so that there is
a section of ρ over U . Moreover, ρ−1(U) is isomorphic to U ×B(Z/2), but there
is no global section of ρ.
Taking the geometric quotient of an elliptic curve by −1 gives a factorization
Eℓℓ
α
→ Km
β
→ P1j
of ρ where Km is the stack of generalized Kummer curves, α is a B(Z/2)-gerbe
(so everywhere locally isomorphic to B(Z/2)) and β is an isomorphism over j 6=
0, 1728. Km is the quotient stack (A2 − {0})/Gm where Gm acts on A
2 with
weights 2, 3 and [Km] = P1j also.
There are two obvious line bundles on Eℓℓ: the bundle M of modular forms
of weight 1, which is identified with the conormal bundle of the zero-section of
the universal stable generalized elliptic curve, and the tangent bundle TEℓℓ.
Lemma 2.1 TEℓℓ
∼= M⊗10, degM = 1/24 and deg TEℓℓ = 5/12.
PROOF: These results are well known. For example, the two line bundles can
be calculated and compared on the modular curve at level 3, where the universal
curve is the Hesse pencil.
The objects of the stackM1 are stable curves of genus 1; the geometric fibres
are isomorphic to stable generalised elliptic curves, but no section is given. This
is an Artin stack, but not Deligne–Mumford. Indeed, the word “stable” in this
context is an abuse of language, but I am optimistic that it will cause no confusion.
Let C → M1 and E → Eℓℓ denote the universal objects and let G → Eℓℓ
denote the Néron model of E → Eℓℓ, so that G is the open substack of E obtained
by deleting the singular point of the fibre over j =∞.
The next result is well known but we give a proof for lack of any reference.
Theorem 2.2 There is a morphism π :M1 → Eℓℓ via which M1 is isomorphic
to the classifying stack BG over Eℓℓ.
PROOF: Let G→M1 denote the connected component of the relative automor-
phism group scheme of C → M1. So G→M1 is elliptic over the open substack
M1 of M1 defined by j 6=∞ and over j =∞ the fibre of G is the multiplicative
group Gm.
Lemma 2.3 There is a unique open embedding G →֒ ∆, over M1, where ∆→
M1 is a stable generalised elliptic curve and G is its relative smooth locus.
PROOF: To construct ∆ we need to patch the puncture of G → M1 that lies
over j =∞. Over in a suitable neighbourhood S in M1 of j =∞ the process of
patching the puncture is a matter of “reversing the process of deleting a closed
point from a normal 2-dimensional analytic space (or scheme)”, so the patch is
unique if it exists. Therefore it is enough to exhibit the patch locally on M1, in
the neighbourhood S.
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Put CS = C ×M1 S. Since S is local and CS → S is generically smooth, there
is a section over S of CS → S that is contained in the relative smooth locus. Use
this section to put the structure of a stable generalised elliptic curve on CS → S.
This provides the patch for GS = G ×M1 S → S and yields ∆ → S; the lemma
is proved.
Sending C →M1 to ∆→M1 defines a morphism π :M1 → Eℓℓ.
Lemma 2.4 π is a neutral gerbe.
PROOF: A gerbe is a morphism of stacks that is locally surjective on both objects
and morphisms. A neutral gerbe is a gerbe with a section. So it is enough to
show that
(1) π has a section (then it is certainly locally surjective on objects) and
(2) π is locally surjective on morphisms.
For (1), use the forgetful morphism Eℓℓ→M1 to get a section of π.
(2) is equally clear; a morphism of stable generalised elliptic curves is, in
particular, a morphism of the underlying stable curves.
So π is a neutral gerbe.
Finally, suppose that X → Y is a neutral gerbe with section s : Y → X. The
stabiliser group scheme is a group scheme H ′ → X; define H → Y to be the
pull back of H ′ via s. If H → Y is flat then [L–MB] there is an isomorphism
X → BH , over Y . Since the Néron model G → Eℓℓ is flat, the theorem is proved.
Note that G→M1 is isomorphic to the pull back under π of the Néron model
G → Eℓℓ.
The elliptic surface f : X → C is minimal if there are no (−1) rational curves
lying in fibres of f .
Moreover, f : X → C is semi-stable if all its fibres are either smooth or cycles
of rational curves and non–constant if the j-function j : C → P1j is non–constant.
According to a theorem of Miyaoka [Mi], elliptic surfaces X whose first Betti
number b1(X) is even are Kähler.
Definition 2.5 The simple elliptic surface f : X → C is stable if b1(X) is even,
it is not constant and all its singular fibres are of type I1. That is, they are
irreducible rational curves with exactly one node and no other singularities.
Tautologically, a stable surface f : X → C determines, and is determined by, a
holomorphic morphism F = Ff : C →M1. Let φ = φf = π◦F : C → Eℓℓ denote
the composite, so that the induced Jacobian elliptic surface is the compactified
relative automorphism group scheme of f : X → C.
For example, if f : X → P1 is a primary Hopf surface then φf is constant:
the relative automorphism group scheme (here we commit an abuse of language)
is a constant group scheme E × P1.
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Lemma 2.6 If X is non–constant then the irregularity q of X equals the geo-
metric genus of C.
PROOF: This is well known, and easy.
Lemma 2.7 (1) deg φ = 2c2(X) = 24χ(X,OX).
(2) deg φ∗M = χ(X,OX).
(3) deg φ∗TEℓℓ = 10χ(X,OX).
PROOF: Since c2(X) equals the total number of nodes in the singular fibres of
X → C, (1) follows from consideration of the inverse image of the locus j =∞,
the fact that deg π = 1/2 and Noether’s formula. The rest follows immediately.
We next consider various tangent spaces.
Regard BG = M1 as the quotient of Eℓℓ by G. Then the tangent complex
T •BG is a 2-term complex, which is obtained by descending a 2-term complex on
Eℓℓ. In degree 0 this complex is TEℓℓ, in degree −1 it is the adjoint bundle AdG
and the differential is the derivative of the action of G on Eℓℓ.
Since this action is trivial, the differential is zero. Moreover, since G has
no characters (it is generically an elliptic curve) it follows that T •BG is quasi-
isomorphic to the pull back of the complex AdG[1]⊕ TEℓℓ[0] on Eℓℓ.
Note that (AdG)∨ is exactly the line bundle M of modular forms of weight 1.
Now fix a point X of SE . That is, we fix a stable simple elliptic surface
f : X → C. This equals the datum of a morphism F : C → M1 = BG. Set
φ = π ◦ F : C → Eℓℓ. Then F ∗T •BG is quasi-isomorphic to φ
∗AdG[1] ⊕ φ∗TEℓℓ.
There is a distinguished triangle
TC → F
∗T •BG → K
•
where K• is a 2-term complex of coherent sheaves on C, K−1 = φ∗AdG, K0 is
the skyscraper sheaf coker(TC → φ
∗TEℓℓ) and the differential in K
• is zero.
Proposition 2.8 The tangent space TSE(X) is naturally isomorphic to the
hypercohomology group H0(C,K•) and the obstructions to the smoothness of
SE at X lie in H1(C,K•).
PROOF: This follows from the identification of the points of SE with morphisms
from curves to M1. In this latter context the result is well known.
There is an isomorphism K0
∼=
→ OZ where Z is the ramification divisor Z =
Ramφ = RamF on C.
The distinguished triangle just mentioned gives an exact sequence
0 → H0(C, TC)→ H
0(C, F ∗T •BG)→ H
0(C,K•)
→ H1(C, TC)→ H
1(C, F ∗T •BG)→ H
1(C,K•)→ 0.
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Then H2(C, φ∗AdG) = 0 and H1(C, φ∗TEℓℓ) = 0, since
deg φ∗TEℓℓ = 10χ(X,OX) > 2q − 2,
from the assumption (1.2), so that H1(C,K•) = H1(C, F ∗T •BG) = 0 and there is
an exact commutative diagram
0

0

H0(C, TC)
=
//

H0(C, TC)

0 // H0(C, φ∗TEℓℓ)
//

H0(C, F ∗T •BG)
//

H1(C, φ∗AdG) //
=

0
0 // H0(C,OZ) //

H0(C,K•) //

H1(C, φ∗AdG) // 0
H1(C, TC)
=
//

H1(C, TC)

0 0
in which the two middle rows are canonically split.
Proposition 2.9
(1) The stack SE is smooth at the point X.
(2) Its dimension there is 11h+ 8(1− q).
(3) The degree of the ramification divisor Ramφ = RamF is 10h+ 8(1− q).
(4) φ∗M ∼= f∗ωX/C ∼= (R
1f∗OX)
∨ and deg φ∗M = χ(X,OX) = h + 1− q.
PROOF: Except for (4), which is well known, this follows from the preceding
discussion.
The simple elliptic surfaces that are algebraic of degree d form a closed sub-
stack SEd of SE . Of course, SE1 is identified with J E . There is also a stack
M1,d of stable curves of genus 1 that possess a divisor class of degree d; then the
datum of f : X → C in SEd leads to, but is not equivalent to, the datum of a
morphism ψ : C →M1,d. This is because, although the pullback X → C of the
universal curve over M1,d under ψ will have a divisor class D such that D.ξ = d,
the lattice 〈D, ξ〉 in H2(X,Z) will not necessarily be primitive.
However, if ψ : C → M1,d arises from f : X → C, then a deformation of ψ
arises from a deformation of the surface X, so that SEd is identified with a union
of connected components of the stack that classifies morphisms from curves to
M1,d.
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Moreover, M1,d is a closed substack of M1 and the composite morphism
M1,d →֒ M1 → Eℓℓ gives an isomorphism
M1,d
∼=
→ BG[d],
where G[d] is the d-torsion subgroup scheme of G; this can be proved in the same
way as Theorem 2.2. In particular, M1,d is quasi-finite and étale over Eℓℓ, so is
a Deligne–Mumford stack.
Suppose that f : X → C is a point of SEd and defines F : C →M1,d, with
composite φ : C → Eℓℓ. Set Z = Ramφ, as before. Since M1,d → Eℓℓ is étale,
F ∗TM1,d is isomorphic to φ
∗TEℓℓ.
Proposition 2.10
(1) There is a short exact sequence
0→ H0(C, φ∗TEℓℓ)→ TSEd(X)→ H
1(C, TC)→ 0.
(2) TSEd(X) is naturally isomorphic to H
0(Z,OZ).
(3) SEd is smooth at the point X and its dimension there is 10h+ 8(1− q).
PROOF: This is proved in the same way as Propositions 2.8 and 2.9.
We shall usually write φ∗M = L = f∗ωX/C . Then φ
∗TEℓℓ
∼= L⊗10, so that
OC(Ramφ) ∼= φ
∗TEℓℓ ⊗ T
∨
C
∼= L⊗10 ⊗OC(KC).
3 The comparison between SE and J E
The morphism π : M1 → Eℓℓ defines a morphism Π : SE → JE . If we fix a
Jacobian elliptic surface f : X → C that is a point X of J E , then Π−1(X) is
identified with H1(C,H), where H → C is the Néron model of X → C.
The sheaves L∨ and H are group schemes over C. Define F = R1f∗Z; this is
a constructible sheaf of Z-modules on C that is of generic rank 2.
The following results are due, in essence, to Kodaira. In particular, Propo-
sition 3.2 is a variant of [Ko], p. 1341, Theorem 11.7; there he proves only that
H2(C,F) is finite, but he does not assume that f : X → C is stable.
Lemma 3.1 There is a short exact sequence
0→ F → L∨ →H → 0
of sheaves of commutative groups on C.
PROOF: This follows from the exponential exact sequence on X and the identi-
fication H = ker(R1f∗OX → R
2f∗Z).
10 N. I. SHEPHERD-BARRON
Proposition 3.2 H2(C,F) = 0 and the homomorphismH1(C,L∨)→ H1(C,H)
is surjective.
PROOF: It is enough to show that H2(C,F) = 0.
For any ring A, there is a Leray spectral sequence
EpqA,2 = H
p(C,Rqf∗A)⇒ H
p+q(X,A).
Take A = Z; then H0(C,F) = 0, since the monodromy on the cohomology of the
generic fibre of f is of finite index in SL2(Z). Therefore all differentials in this
spectral sequence vanish, except maybe ∂ : H0(C,R2f∗Z) → H
2(C,F). Now f
has a section, so the homomorphism
H2(X,Z)→ H0(C,R2f∗Z) ∼= Z : ξ 7→ 1,
where ξ ∈ H2(X,Z) is the class of a fibre, is surjective. Also H2(X,Z) maps sur-
jectively to ker ∂, so ker ∂ = H0(C,R2f∗Z), and so ∂ = 0. That is, all differentials
are zero. Therefore there is a short exact sequence
0→ H2(C,F)→ H3(X,Z)→ H1(C,Z)→ 0.
Since F ⊗Q is self-dual, it follows that H2(C,F)⊗Q is dual to H0(C,F)⊗Q,
which vanishes. SoH2(C,F) is identified with the torsion subgroup TorsH3(X,Z)
of H3(X,Z).
Suppose that ℓ is a prime dividing the order of TorsH3(X,Z). Since H4(X,A)
is isomorphic to A, it follows from taking cohomology of the short exact sequence
0→ Z
.ℓ
→ Z→ Z/ℓ→ 0
that H3(X,Z/ℓ) ∼= H3(X,Z)⊗Z/ℓ. Also, Poincaré duality gives an isomorphism
H3(X,Z/ℓ)→ H1(X,Z/ℓ)∨, where ∨ denotes the dual Z/ℓ-vector space.
The spectral sequence Epqr,Z/ℓ shows that β : H
1(C,Z/ℓ) → H1(X,Z/ℓ) is
injective, so if it is not surjective then the map i∗ : H1(X,Z/ℓ) → H1(C0,Z/ℓ)
induced by the inclusion i : C0 →֒ X is not injective. Then there is an étale
Z/ℓ-cover α : X˜ → X that is split over C0. So X˜ → C is elliptic and has a
section C˜0 such that NC˜0,X˜
∼= NC0/X . However,
degNC˜0,X˜ = −χ(X˜,OX˜) = −ℓχ(X,OX) = −ℓ degNC0/X .
So β is an isomorphism, so that H3(X,Z/ℓ) ∼= (Z/ℓ)2q and therefore H3(X,Z) is
torsion-free.
Let SEh,q denote the substack of SE that consists of surfaces whose geometric
genus is h and whose irregularity is q. This is a union of connected components
of SE .
The next result is an immediate corollary of Proposition 3.2.
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Corollary 3.3 (1) The closed substack Π−1(X) is irreducible.
(2) SEh,q is irreducible.
Now suppose that Y ∈ Π−1(X). According to [Ko], p. 1338, Theorem 11.5,
Y is algebraic if and only if it defines a torsion element of H1(C,H).
Proposition 3.4 The algebraic surfaces are dense in Π−1(X).
PROOF: We must show that the image of H1(C,R1f∗Z)⊗Q in H
1(C,R1f∗OX)
is dense.
Let ξ⊥ denote the orthogonal complement of ξ in H2(X,Z). Then, via the
Leray spectral sequence, there is commutative square
H1(C,R1f∗Z)⊗Q
α
//
∼=

H1(C,R1f∗OX)
∼=

(ξ⊥/Zξ)⊗Q
β
// H2(X,OX)
where the vertical arrows are isomorphisms. Then β has dense image, from the
Kähler property of X, and the proposition is proved.
4 A plumbing construction and the derivative of
the corresponding period map
One of the plumbing constructions from [F1] (as corrected in [F2]) has already
been used [SB] to construct one-parameter families of elliptic surfaces where the
derivative of the period map can be calculated. In particular, we constructed in
loc. cit. certain explicit plumbings over ∆′ = SpecC[t]/(t2) which then could be
lifted to families over a complex disc ∆. Here is a summary of the construction.
(1) Suppose that Ca, Cb are curves of genera ga, gb, respectively, that i ∈ Ci
and that zi is a local co-ordinate on Ci at the point i.
(2) Fix a real number δ with 0 < δ ≪ 1. Let ∆ = ∆t be the open disc in
the complex plane C with co-ordinate t defined by |t| < δ2 and let F be
the open submanifold of C2 with co-ordinates q, v. Set t = v2 − q2. Note
that the morphism t : F → ∆ is smooth outside the origin in ∆ and the
fibre t−1(0) consists of two discs U ′a and U
′
b, where U
′
a is given by q− v = 0
and U ′b by q + v = 0. These discs cross normally at the point 0 given by
q = v = 0.
(3) Then we can construct isomorphisms between suitable open subsets Wi of
Ci × ∆ and open subsets of F so that F and suitable open submanifolds
of each Ci ×∆ can be plumbed together to give a separated 2-dimensional
complex manifold C and a proper morphism C → ∆ such that the closed
fibre C0 is C0 = Ca ∪ Cb/a ∼ b and Ct is a curve of genus ga + gb for t 6= 0.
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(4) The plumbing is constructed in such a way that on F ∩Wi we have zi = q,
in a neighbourhood of Ca ∩ F in C we have v = q(1 − tq
−2)1/2 and in a
neighbourhood of Cb ∩ F in C we have v = −q(1 − tq
−2)1/2.
(5) Suppose next thatM is some holomorphic stack and that φi : Ci →M are
morphisms such that for the choice of co-ordinates za and zb the morphisms
φa and φb are isomorphic on Ua and on Ub. Then the two morphisms φi can
be plumbed together to give a morphism Φ : C →M.
(6) What we shall use here is that we can also construct plumbings modulo
t2 given only that the morphisms φi are isomorphic modulo t
2. That is, if
C′ → ∆′ = SpecC[t]/(t2) denotes C modulo t2, then the φi can be plumbed
together to a morphism Φ′ : C′ →M.
Here is how we use these plumbings.
Suppose that f : X → C is a point of SEd and that a is a point in the ram-
ification divisor Z = Ramφ of the classifying morphism C → Eℓℓ. Equivalently,
Z is the ramification divisor of the classifying morphism φ : C → M1,d. Say
E = Ea = f
−1(a) and put Σ = E × P1. Then, at the point a ∈ C and at any
point b of P1, the elliptic surfaces X → C and Σ → P1 are both points of SEd
and, as families of curves of genus 1, are isomorphic to first order. Therefore
the morphisms C →M1,d and P
1 →M1,d can be plumbed to first order to give
C˜′ → ∆′ and a morphism C˜′ →M1,d. That is, there is a family Y˜
′ → C˜′ → ∆′.
The properties of this family are that C˜′ → ∆′ is flat and proper, the closed fibre
C˜′0 is C˜
′
0 = C ∪ P
1, the closed fibre Y˜ ′0 is Y˜
′
0 = X ∪ Σ and the singularities of
Y˜ ′ → ∆′ are described locally by an equation t = xy.
Lemma 4.1 There is a smooth 3-fold Y˜ with a proper semi-stable morphism
Y˜ → ∆ such that Y˜ modulo t2 is isomorphic to Y˜ ′.
PROOF: We show first that the classifying morphism C˜′ → M1,d lifts to any
formal thickening C˜ → Specf C[[t]] of C˜′ → ∆′.
Let ψ : C ∪ P1 → M1,d be the classifying morphism; this is constant on P
1
and restricts to φ on C. Since M1,d is smooth, the obstruction to lifting from
SpecC[t]/(tn) to SpecC[t]/(tn+1) lies in H1(C∪P1, ψ∗TM1,d). This is isomorphic
to H1(C, φ∗TM1,d), which vanishes since deg φ
∗TM1,d > 2q−2. So there is a formal
space Ŷ → Ĉ → Specf C[[t]].
To algebraize Ŷ → Ĉ → Specf C[[t]] to get Y˜ → C˜ → ∆, use the fact that
there is an ample line bundle on Ŷ that arises from the algebraic nature of the
elliptic fibration Ŷ → Ĉ.
To prove the smoothness of Y˜ and the semi-stability of Y˜ → ∆, it is enough
to observe that Y˜ → ∆ is defined locally by a single equation, namely, t = xy.
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Lemma 4.2 There is a commutative diagram
Y˜ //

Y

C˜ //

❄
❄
❄
❄
❄
❄
❄
❄
C

∆
where Y˜ → Y is bimeromorphic and is the contraction of Σ to E, and C˜ → C is
bimeromorphic and is the contraction of P1 to a point. The morphisms Y → C
and C → ∆ are smooth and the closed fibre Y0 is isomorphic to X.
PROOF: It is enough to observe that, if γ is a fibre of Σ → E, then there is an
equality Σ.γ = −1 of intersection numbers in the 3-fold Y˜ .
Remark: Instead of plumbing in a copy of E × P1 we could have plumbed in a
primary Hopf surface. In that case there would be no bimeromorphic contraction
to a smooth family Y → ∆. In particular, taking f : X → C to be an elliptic K3
surface leads to a degenerating family of K3 surfaces with no monodromy which
does not have potentially good reduction.
We shall calculate the derivative of the period map for the family Y → ∆ by
considering the family Y˜ → ∆. Recall that the closed fibre Y˜0 is an algebraic
surface X ∈ SEd.
Recall that the plumbing is constructed in terms of local co-ordinates t on ∆,
za on C at a, zb on P
1 at b and q, v on the plumbing fixture F . We also take fibre
co-ordinates wa on X and wb on Σ. Locally, the morphism Y˜ → ∆ is defined by
t = q2 − v2.
Since Ω2X is the pull back of a line bundle on C, it makes sense to evaluate a
section ω ∈ H0(X,Ω2X) at a point on C, in terms of the co-ordinates za, wa. That
is, we can write
ω(a) =
ω(a)
dza ∧ dwa
.
Fix a suitable normalized basis of H2(X,Z), which we identify with H2(Y˜η¯,Z)
and with H2(Yη¯,Z). Then there are holomorphic 3-forms Ω
(1), ...,Ω(h) on Y˜ such
that the residues ω(j)(t) = Res
Y˜t
Ω(j)/(q2 − v2 − t) form a normalized basis of
H0(Y˜t,Ω
2
Y˜t
) for t 6= 0. In particular, there are 2-cycles, A1, ..., Ah on Y˜t such that∫
Ai
ω(j) = δji , the Kronecker delta.
We can write ω(j)(t) = ω(j) + tη(j) modulo t2. Moreover, every 2-cycle γ on
X that is disjoint from E is identified, via a C∞ collapsing map, with a 2-cycle
on Yt and
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∫
γ
ω(j)(t) =
∫
γ
ω(j) + t
∫
γ
η(j) for all such γ. (4.3)
Consider the class [ω(j)(t)] ∈ H2(Y˜t,C). Let Φ ⊂ Y˜t be a fibre. Then
[ω(j)(t)] ∈ Φ⊥. Moreover, from the exact sequence
Zξ = Z[Ea]→ H
2(X,Z)→ H2(X − Ea,Z)
and the formula (4.3) it follows that η(j) defines a class
[η(j)] ∈ ξ⊥/Zξ = H1,1(X)prim
such that
d
dt
(
[ω(j)(t)]
)
|t=0 = [η
(j)] (mod Zξ).
The next result is the crux of the matter. It and its proof are similar to some
of what is described in [SB] but it seems easier to give the details of the argument.
We use “h.o.t.” as an abbreviation of “higher order terms in za”.
Theorem 4.4 (1) η(j) ∈ H0(X,Ω2X(2E)).
(2) η(j) =
(
1
4
ω(j)(a)z−2a + h.o.t.
)
dza ∧ dwa.
PROOF: We can expand Ω(j) locally, on the inverse image in Y˜ of the plumbing
fixture F , as
Ω(j) =
∑
m,n≥0
c(j)m,nq
mvndq ∧ dv ∧ dw,
so that, since t ≡ q2−v2 (here and from now on all congruences are taken modulo
t2),
ω(j)(t) ≡ − 1
2
∑
m,n≥0
c(j)m,nq
mvn−1dq ∧ dw.
In a neighbourhood of X we have v = q(1− tq−2)1/2, so that
vn−1 = qn−1(1− tq−2)(n−1)/2 ≡ qn−1(1− (n− 1)tq−2/2).
Therefore
ω(j) = − 1
2
∑
c(j)m,nq
m+n−1dq ∧ dw and
η(j) = 1
4
∑
c(j)m,n(n− 1)q
m+n−3dq ∧ dw.
These are 2-forms (the first holomorphic, the second meromorphic) on X. On X
we have q = za and w = wa, so that
ω(j) = − 12
∑
p≥0
( ∑
m+n=p
c(j)m,n
)
zp−1a dza ∧ dwa and
η(j) = 1
4
∑
p≥0
( ∑
m+n=p
(n− 1)c(j)m,n
)
zp−3a dza ∧ dwa.
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In a neighbourhood of Σ we have v = −q(1 − tq−2)1/2 and on Σ we have q = zb
and w = wb, so that ω
(j)(t)|Σ ≡ ω
(j)
Σ + tη
(j)
Σ where
ω
(j)
Σ = −
1
2
∑
p≥0
( ∑
m+n=p
(−1)n−1c(j)m,n
)
zp−1b dzb ∧ dwb.
Since Σ is ruled, ω
(j)
Σ = 0, so that
c
(j)
0,0 = 0 and − c
(j)
1,0 + c
(j)
0,1 = 0.
Therefore
ω(j) =
(
−c
(j)
1,0 + h.o.t.
)
dza ∧ dwa
and
η(j) = − 1
4
(
c
(j)
1,0z
−2
a + h.o.t.
)
dza ∧ dwa.
(1) and (2) follow.
By its construction as the derivative of ω(j)(t), each η(j) defines a class [η(j)] ∈
H2(X,C). That is, the residue ResE[η
(j)], which is the obstruction to the mero-
morphic form η(j) defining such a class, vanishes. In fact, [η(j)] lies inH1,1(X)prim,
by Griffiths transversality.
Proposition 4.5 (1) codim (H0(X,Ω2X), H
0(X,Ω2X(2E))) = 2.
(2) The meromorphic 2-forms η(1), ..., η(h) span at most a 1-dimensional sub-
space of H0(X,Ω2X(2E)).
(3) There is a generator η˜a of this subspace such that each η
(j) is a scalar
multiple of η˜a. More precisely,
η(j) = ω(j)(a)η˜a
for each j.
PROOF: (1) is a consequence of the existence of isomorphisms
Ω2X
∼=
→ f ∗OC(L+KC) and Ω
2
X(2E)
∼=
→ f ∗OC(L+KC + 2a),
the short exact sequence
0→ OC(KC + L)→ OC(KC + L+ 2a)→ OC/m
2
a → 0
and the fact that H1(C,OC(KC + L)) = 0.
For (2), note first that the vanishing of the integrals
∫
Ai
η(j), combined with
Theorem 4.4, forces the forms η(j) to lie in at most a 2-dimensional vector space.
Then observe that, if τ ∈ H0(X,Ω2X(E)) and ResE[τ ] = 0, then τ is holomorphic;
it follows that the vanishing of ResE [η
(j)] imposes at least one more condition on
η(j) beyond the two just noted.
(3) follows from (2) and Theorem 4.4.
For any point x of C, let ω∨x ⊂ (H
2,0(X))∨ be the hyperplane defined by
evaluation at any point of X that lies over x.
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Theorem 4.6 (1) For each point a of the ramification divisor Ramφ on C, there
is an explicit meromorphic 2-form η˜a ∈ H
0(X,Ω2X(2Ea)) whose residue ResEa(η˜a)
along Ea vanishes, and so defines a class [η˜a] in the hyperplane ξ
⊥ of H1,1(X).
(2) Modulo H0(X,Ω2X) the form η˜a is unique up to scalars, subject to the
vanishing of ResEa(η˜a).
(3) The derivative of the period matrix of the family Y → ∆ is, when regarded
as a linear map H2,0(X)→ H1,1(X)prim, the rank 1 linear form ω
∨
a ⊗ [η˜a].
PROOF: This is nothing more than a restatement in intrinsic terms of what we
have just proved.
Remark: Proposition 5.5 below will show that that there are circumstances
under which the classes [η˜a] form a basis of H
1,1(X)prim.
5 Algebraic surfaces
Suppose first that f : X → C is Jacobian, with a section C0. By Proposition
2.9, we have a tangent line Cva to the stack J E at the point X for each point
a ∈ Ramφ.
Assume now that φ is simply ramified and is unramified over j =∞. (In par-
ticular, this implies that all singular fibres are of type I1). Then, by Proposition
2.10, the tangent vectors va form a basis of the tangent space TSEd(X).
Consider the contraction homomorphism
α : H0(X,Ω2X)⊗H
1(X, TX(− logC0))→ H
1(X,Ω1X(logC0)(−C0)).
Note that Ω1X(logC0)(−C0) is the kernel of the restriction homomorphism Ω
1
X →
Ω1C0 and that the subspace H
1(X,Ω1X(logC0)(−C0)) of H
1,1(X) can be identified
with the orthogonal complement [C0]
⊥ of the class [C0] in H
1,1(X). That is, imα
is contained in the subspace [C0]
⊥ of H1,1(X). Since deformations of X preserve
the elliptic fibration (X has Kodaira dimension 1) it follows that imα is contained
in the primitive cohomology H1,1(X)prim, which is of codimension 1 in [C0]
⊥.
The next result is an analogue of Max Noether’s theorem on canonical curves,
and is proved in the same way, via Castelnuovo’s base-point free pencil trick.
Recall that we have a normalized basis ω of H0(X,Ω2X), so that H
0(X,Ω2X) is
identified with its dual.
Proposition 5.1
(1) The image of α is of codimension at most h− q − 2 in H1,1(X)prim.
(2) The classes [η˜a], as a runs over the points in Ramφ, span a subspace of
H1,1(X)prim whose codimension is at most h− q − 2.
PROOF: (1): Since imα is contained in H1,1(X)prim it is enough to show that
imα is of codimension at most h− 1− q in H1(X,Ω1X(logC0)(−C0)).
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The linear system |KX | has no base points and is composite with the pencil
f : X → C. That is, KX ∼ f
∗(KC +L), where f
∗L = KX/C , OC(L) = f∗ωX/C ∼=
(R1f∗OX)
∨, so that degL = h+ 1− q, and the linear system |KC + L| on C has
no base points. So a general 2-dimensional subspace V of H0(X,KX) generates
OX(KX); there is then a short exact sequence
0→ OX(−KX)→ V ⊗OX → O(KX)→ 0
of locally free sheaves on X.
Taking the tensor product of this with TX(− logC0) and then taking coho-
mology gives the contraction homomorphism
αV : V ⊗H
1(X, TX(− logC0))→ H
1(X,Ω1X(logC0)(−C0));
it is enough to prove that dim cokerαV ≤ h−1−q. For this, look at the sequence
of the H2 spaces and dualize; this gives an exact sequence
0→ H0(X,Ω1X(logC0)) → V
∨ ⊗H0(X,Ω1X(logC0)(KX))
γ
→ H0(X,Ω1X(logC0)(2KX))
of vector spaces, and it is enough to show that dim coker γ ≤ h− 1− q.
Lemma 5.2 h0(X,Ω1X(logC0)(nKX)) = q, h + 2q − 2 when n = 0, 1 and
h0(X,Ω1X(logC0)(2KX)) ≤
max{2h+ 3(q − 1), −7h+ 15(q − 1), 12(−5h+ 19(q − 1) + 2)}.
PROOF: Since ωX/C is isomorphic to f
∗L, there is a short exact sequence
0→ OX(f
∗KC)→ Ω
1
X(logC0)→ IWOX(f
∗L+ C0)→ 0
where IW is the ideal sheaf of the critical locus W of f , so that
degW = c2(X) = 12(h+ 1− q).
Taking the tensor product of this sequence with OX(nKX) reveals, after taking
H0, that it is enough to calculate, or bound,
h0(X, IWOX(f
∗((n+ 1)L+ nKC) + C0))
for n = 0, 1, 2.
Since C0.ψ = 1 for any fibre ψ and ψ has genus 1, the curve C0 is a fixed part
of the complete linear system |f ∗A+C0| for any divisor class A on C. Moreover,
W is disjoint from C0, and so
H0(X, IWOX(f
∗((n+1)L+nKC)+C0)) = H
0(X, IWOX(f
∗((n+1)L+nKC))).
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Also
H0(X, IWOX(f
∗((n + 1)L+ nKC))) = H
0(C, f∗IWOC((n+ 1)L+ nKC)),
by the projection formula.
Now f∗IW = Iw = OC(−w), where w is the effective divisor on C defined by
j = ∞. Since φ is unramified over the points of C where j = ∞, it follows that
w ∼ 12L, so that
deg((n + 1)L+ nKC − w) = (n− 11)h+ (n+ 11)(q − 1),
which < 0 for n ≤ 1, so that
H0(X, IWOX(f
∗((n+ 1)L+ nKC) + C0)) = 0
for n ≤ 1. When n = 2, we use the Riemann–Roch theorem and Clifford’s
theorem on the curve C: for any divisor class Eon C. Together, they give
h0(C,E) ≤ max{0, degE + 1− q, 1
2
degE + 1}.
It follows that
h0(C,OC((n+1)L+nKC−w)) ≤ max{0, −9h+12(q−1),
1
2(−9h+13(q−1)+2)}
so that
h0(X,Ω1X(logC0)(2KX))
≤ h0(C,OC(KC + (2KC + L))) + h
0(C,OC(3L+ 2KC − w))
≤ 2h+ 3(q − 1) + max{0, −9h+ 12(q − 1), 1
2
(−9h+ 13(q − 1) + 2)}
= max{2h+ 3(q − 1), −7h+ 15(q − 1), 1
2
((−5h+ 19(q − 1) + 2)},
as required.
It follows from Lemma 5.2 that
dim coker γ
= h0(X,Ω1X(logC0)(2KX)) + h
0(X,Ω1X(logC0)− 2h
0(X,Ω1X(logC0)(KX))
≤ max{1, −5h + 12(q − 1) + 1, 12(−9h+ 13(q − 1) + 4)}.
The inequalities (1.2) are enough to ensure that we now get dim coker γ ≤ h−q−1,
as stated.
(2): Recall that each a ∈ Ramφ is identified with a tangent line Cva in
H1(X, TX(− logC0)). Theorem 4.6 shows that the homomorphism
αa : H
0(X,Ω2X)⊗ Cva → H
1,1(X)
that is the restriction of α kills Ua ⊗Cva, where Ua ⊂ H
0(X,Ω2X) is the space of
2-forms that vanish at a. Moreover, the image of αa is the line C[η˜a]. Therefore
the image of α is generated by the lines C[η˜a].
Now suppose that f : X → C defines a point of SEd. Define H
1,1(X)prim to
be the orthogonal complement in H1,1(X) of the classes of an elliptic fibre and
the divisor class that gives the algebraic structure.
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Corollary 5.3 Assume that f : X → C is either Jacobian or general in SEd.
(1) The classes [η˜a] span a subspace of H
1,1(X)prim whose codimension is at
most h− q − 2.
(2) The image under the period map of the tangent space TSEd(X) is the sub-
space of Hom(H2,0(X), H1,1(X)) that is spanned by the rank 1 tensors ω∨a ⊗ [η˜a],
as a runs over the points of the ramification divisor of the classifying morphism
C →M1,d.
PROOF: (1): We have proved this for a Jacobian surface; it follows that it
holds on the complement of a proper closed analytic substack of SE , and on the
complement of a proper closed analytic substack of SEd.
(2): This follows from Theorem 4.6 and the non-vanishing of the classes [η˜a]
that was proved in (1).
Consider now the inequalities
5h ≥ 12(q − 1) and 9h ≥ 13(q − 1) + 2. (5.4)
Note that, if q ≥ 2, then the first of these inequalities implies the second.
Moreover, they imply the inequalities (1.2).
Proposition 5.5 Assume that the inequalities (5.4) hold and that X is either
Jacobian or general in SEd.
(1) α is surjective.
(2) The classes [η˜a] form a basis of H
1,1(X)prim.
PROOF: In the notation of the proof of Proposition 5.1, it is enough to show
that dim coker γ ≤ 1 (and then the inequality will be an equality). The argument
given there carries over.
6 Recovering Ramφ and C from the infinitesimal
period data
Suppose that fi : Xi → Ci are two points of SEd that have equal geometric genus
h and irregularity q, and that each classifying morphism φi : Ci → Eℓℓ is simply
ramified. Say Ramφi = Zi and degZi = N , so that N = 10h+ 8(1− q).
Assume that both surfaces have the same IVHS.
That is, assume that the two surfaces give the same point and the same tan-
gent space under the period map after each cohomology groupH2(Xi,Z) has been
appropriately normalized. In particular, such a normalization gives a normalized
basis ωi = [ω
(1)
i , ..., ω
(h)
i ] of H
0(Xi,Ω
2
Xi
) for each i. We can therefore regard the
curves Ci, which are the canonical models of the surfaces Xi, as embedded in
the same projective space Ph−1 via the complete linear system |KCi + Li|, where
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OCi(Li) = fi∗ωXi/Ci . (Since degLi = h+1− q it follows that degCi = h+ q−1.)
That is, any point P of Ci is identified with the point ωi(P˜ ) in P
h−1, where P˜ ∈ X
is any point of X that lies over P . The basis ωi also gives an identification of
H0(Xi,Ω
2
Xi
) with its dual.
Theorem 6.1 Assume that the inequalities (1.2) hold. Then C1 = C2 and
Z1 = Z2.
PROOF: We show first that from the period data we can determine a subset of
Z1 ∩ Z2 that is large enough to enable us to prove, by quadratic interpolation,
that C1 = C2. Then we iterate the argument to show that Z1 = Z2.
By the results of the previous sections, the tangent space TSEd(X) is N -
dimensional and its image in H0(X1,Ω
2
X1
)⊗H1,1(X1)prim is spanned by the rank
1 tensors ω1(a) ⊗ [η˜1,a], where a runs over the points in Z1. In addition the
classes [η˜1,a] in H
1,1(X1)prim span a subspace whose codimension is at most h−q.
Moreover, since the two surfaces have the same IVHS, the tensors ω2(b)⊗ [η˜2,b],
where b runs over Z2, span the same space as do the tensors ω1(a)⊗ [η˜1,a].
Lemma 6.2 Any distinct h − q points on Ci are linearly independent, in the
sense that they span a linear subspace of Ph−1 whose dimension is h− q − 1.
PROOF: Put D = KCi +Li, the class of a hyperplane section of Ci, and suppose
that x1, ..., xh−q ∈ Ci. Then H
1(Ci,OCi(D−
∑
j xj)) = 0, from Serre duality and
the fact that deg(D−
∑
j xj) = 2q− 1 > 2q− 2. Taking cohomology of the exact
sequence
0→ OCi(D −
∑
j
xj)→ OCi(D)→ ⊕jC(xj)→ 0
shows that the subspace H0(Ci,OCi(D −
∑
j xj)) is of codimension h − q in
H0(Ci,OCi(D)). The lemma follows.
Lemma 6.3 Suppose that
(1) U and V are vector spaces such that dimU = h and dimV = N ,
(2) u1, ..., uN ∈ U and any h− q of the ui are linearly independent,
(3) v1, ..., vN ∈ V and span a subspace of V whose codimension is at most
h− q − 2,
(4) the rank 1 tensors u1⊗ v1, . . . , uN ⊗ vN are linearly independent in U ⊗ V ,
(5) ξ ∈ U ⊗ V and there is a linear relation
ξ =
M∑
1
λkuk ⊗ vk
where 1 ≤M ≤ N and none of the scalars λk is zero and, finally,
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(6) that ξ = x⊗ y, a tensor of rank 1.
Then the vectors y, v1, ..., vM are all proportional and M ≤ h− q − 1.
PROOF: The vectors v1, ..., vM span a subspace of V whose dimension is at least
M − (h− q) + 2. So in P(V ∨) = PN−1 the linear span 〈y, v1, ..., vM〉 is at least a
PM−(h−q)+1.
There are two cases to consider.
(1) M ≥ h− q.
Then dim〈y, v1, ..., vM−(h−q)〉 ≤ M − (h − q), so that in P
N−1 there is
a hyperplane H that contains 〈y, v1, ..., vM−(h−q)〉 but does not contain
〈y, v1, ..., vM〉. Let φ be the linear form that defines H ; then
0 = φ(y)x =
M∑
M−(h−q)+1
λkφ(vk)uk
and not all of the scalars φ(vk) are zero in this range. However, the h −
q points uM−(h−q)+1, ..., uM in P
h−1 are linearly independent, so this case
cannot occur.
(2) 1 ≤M ≤ h− q − 1.
Then for all linear forms φ such that φ(y) = 0 we have
∑M
1 αkφ(vk)uk = 0,
so φ(vk) = 0 for every k, since the points uk are linearly independent. That
is, the vectors y, v1, ..., vM are all proportional, as stated.
Say Z1 = {a1, ..., aN} and Z2 = {a
′
1, ..., a
′
N}. Take U = H
2,0(X1) and V =
H1,1(X1)prim and write
xk = ω1(ak), x
′
k = ω2(a
′
k), yk = [η˜1,ak ] and y
′
k = [η˜2,a′k ]. (6.4)
From Theorem 4.6 and the assumption that the IVHS of the two surfaces X1
and X2 are isomorphic, the tensors x
′
l⊗y
′
l span the same N -dimensional subspace
of U⊗V as do the tensors xk⊗yk. In particular, each x
′
l⊗y
′
l is a linear combination
of the tensors xk ⊗ yk. Then, by Corollary 5.3 and Lemma 6.3, for each index
l there are Ml indices k such that y
′
l = yk in P
N−1, and 1 ≤ Ml ≤ h − q − 1.
However, there are at least N − (h− q−2) distinct points yk in P
N−1, so that the
points yk provide a partition µ = (µ1, ..., µr) of N where µ1 ≥ N − (h − q − 2)
and the length of each column in the partition (when the partition is viewed as
a Young diagram) is at most h− q − 1.
Since µ1+µ2 ≤ N , it follows that µ1−µ2 ≥ N −2(h− q−2). Since µ1−µ2 is
the number of columns of length 1, it follows that there are at least N−2(h−q−2)
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indices l for which Ml = 1. So, for l ∈ [1, N −2(h− q−2)], there is a single index
k such that x′l ⊗ y
′
l is proportional to xk ⊗ yk. Then a
′
l = ak as points in P
h−1, so
that
#(Z1 ∩ Z2) ≥ N − 2(h− q − 2).
Since 11h ≥ 15(q−1)+8 and degCi = h+q−1, it follows that N−2(h−q−2) >
2 degCi for each i.
On the other hand, each Ci is non-degenerately embedded in P
h−1 by a com-
plete linear system, and degCi ≥ 2q+2, so that, by the results of [Mu] and [SD],
Ci is an intersection of quadrics. Since
#(Z1 ∩ Z2) > 2 degCi,
each Ci equals the intersection of the quadrics through Z1 ∩ Z2, so that C1 =
C2 = C, say.
It remains to prove that Z1 = Z2.
Suppose that x′l ∈ Z2. Then, in the notation of (6.4), we have
x′l ⊗ y
′
l =
Ml∑
1
λkxk ⊗ yk,
the points y′l, y1, ..., yMl are all equal in P
N−1 and 1 ≤ Ml ≤ h− q− 1. This gives
a non-trivial linear relation between the points x′l, x1, ..., xMl of the curve C in
Ph−1, which forces x′l = xk for some k. Therefore Z2 = Z1.
Remark: (1) Trying to extend Theorem 6.1 to arbitrary simple elliptic surfaces
leads to the difficulty that the tangent space TSE(X) is of dimension N +h, while
the ramification points identify only an N -dimensional subspace of it and of its
image under the period map. In terms of point sets in projective space, our
approach leads to the problem of recovering Z and C via a comparison of two
sets S1, S2 of N points in P
h−1 × PN given only that there is a copy L of PN+h−1
such that both S1 and S2 lie in L ∩ (P
h−1 × PN ), where the intersection is taken
in the projective space that is ambient for the Segre embedding of Ph−1 × PN .
We have been unable to solve this problem.
(2) Theorem 6.1 leads to the problem of trying to recover a morphism φ : C →
M1 from knowledge of C and the divisor Ramφ. However, even after replacing
M1 by Eℓℓ it is only possible to recover φ modulo the action of the automorphism
group Gm of Eℓℓ. This we do in Section 8.
7 The structure of the tangent bundle to SEd
We have shown that there are various tangent lines to the stacks SEd of algebraic
surfaces whose images under the period map are tensors of rank 1. Here we spell
out a slight refinement of this, under the assumption that the inequalities (5.4)
TORELLI THEOREMS FOR ELLIPTIC SURFACES 23
are valid. Observe that at a the generic point of SEd the ramification divisor Z
is reduced.
Theorem 7.1 Suppose that X is a point of SEd and that the associated ramifi-
cation divisor Z is reduced.
(1) The tangent space TSEd(X) is framed by lines Cva, as a runs over Z.
(2) Under the period map each va maps to a tensor v
′
a = ω
∨
a ⊗ [η˜a] of rank 1.
(3) When TSEd(X) is identified with a subspace ofHom(H
2,0(X), H1,1(X)prim),
the tensors v′a are the only tensors of rank 1 in TSEd(X).
PROOF: The only thing yet to be proved is (3). This follows from Proposition
5.5 and the proof of Theorem 6.1, especially Lemma 6.3.
In other words, over the locus of SEd where Z is reduced, the tangent bundle
TSEd is naturally decomposed, up to a permutation action of the symmetric group
SN , as a direct sum of rank 1 foliations each of which maps to a line bundle of
rank 1 tensors, and these account for all the rank 1 tensors in the image.
Compare the case of Mq: over the non-hyperelliptic locus Schiffer variations
give a cone structure in the tangent bundle, where at each point C of Mq the
corresponding cone is the cone over the bicanonical model of C, the generators
of the cone map, under the period map, to tensors (quadratic forms) of rank 1
and, again, these account for all the rank 1 tensors in the image.
8 Towards generic Torelli from C and Z
We assume the inequalities (1.2) to hold and that q ≥ 4. We shall show (Propo-
sition 8.9) that if φ1 : C → Eℓℓ is generic and that if φ2 : C → Eℓℓ is another
morphism such that Ramφ1 = Ramφ2 , then φ1 and φ2 are equivalent modulo the
action of AutEℓℓ. Therefore an effective form of generic Torelli holds for surfaces
in SEd modulo this action of Gm.
To begin, we rewrite some results of Tannenbaum [T] in the context of Deligne–
Mumford stacks. Assume that S is a smooth 2-dimensional Deligne–Mumford
stack (the relevant examples will be S = Eℓℓ× Eℓℓ and S =M1,d ×M1,d), that
C is a smooth projective curve and that π : C → S is a morphism that factors as
C
π′

π

❅
❅
❅
❅
❅
❅
❅
❅
D
i
// S
where D is a projective curve with only cusps, π′ is birational and i induces
surjections of henselian local rings at all points. (We shall say that “π is birational
onto its image”.) Then there is a conormal sheaf N∨D, a line bundle on D, which
is generated by the pull back under i of the kernel ID of OS → i∗OD. It fits into
a short exact sequence
0→ N∨D → i
∗Ω1S → Ω
1
D → 0.
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So the adjunction formula (or duality for the morphism i : D → S) gives an
isomorphism
ND
∼=
→ ωD ⊗ i
∗ω∨S .
There is also a homomorphism ND → T
1(D,OD); let N
′
D denote its kernel. The
space H0(D,N ′D) is the tangent space to the functor that classifies deformations
of the morphism i : D → S that are locally trivial in the étale (or analytic)
topology.
These conditions imply that there is a reduced effective divisor R on C such
that TC(R) is the saturation of TC in π
∗TS . Define N
′
π to be the cokernel of
TC(R)→ π
∗TS ; this is a line bundle on C.
Define J ⊂ OS to be the Jacobian ideal of the ideal ID. The next result is a
slight variant of Lemma 1.5 of [T].
Lemma 8.1 π′∗N
′
π = N
′
D.
PROOF: We have Ω1D = J .ωD, by direct calculation, and, from the definition of
N ′D, we have N
′
D = J .ND.
From the definition, ω∨C(R)⊗N
′
π
∼= π∗ω∨S . Let C denote the conductor ideal.
Then ωC ∼= C ⊗ π
′∗ωD, so that
N ′π
∼= π′∗ωD ⊗ C ⊗ OC(−R −KS).
Now C = OC(−R), by the nature of a cusp, and J .OC = OC(−2R) for the same
reason. So
N ′π
∼= π′∗(ωD ⊗ i
∗ω∨S)⊗OC(−2R)
and therefore
π′∗N
′
π
∼= J .(ωD ⊗ ω
∨
S )
∼= J .ND = N
′
D.
Corollary 8.2 H0(C,N ′π) is isomorphic to the tangent space of the deformation
functor that classifies those deformations of the morphism π : C → S where the
length of the OC-module coker(π
∗Ω1S → Ω
1
C) is preserved.
PROOF: By the lemma, H0(C,N ′π) is the tangent space to locally trivial defor-
mations of the morphism i : D → S. Since D has only cusps, a deformation of i
is locally trivial if and only if it preserves the length of coker(π∗Ω1S → Ω
1
C).
Proposition 8.3 If φ1 : C → Eℓℓ is generic, then there is no morphism φ2 :
C → Eℓℓ such that Ramφ1 = Ramφ2 and (φ1, φ2) : C → Eℓℓ × Eℓℓ is birational
onto its image.
PROOF: Assume that φ2 exists. Take Eℓℓ × Eℓℓ = S and (φ1, φ2) = π. Then
there is a factorization
C
π′

π

❅
❅
❅
❅
❅
❅
❅
❅
D
i
// S
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as before, and the divisor R is R = Ramφ1 = Ramφ2 . We get
degN ′π = 2degφ
∗
1TEℓℓ + 2q − 2−N
= 2.24(h+ 1− q).
5
12
+ 2q − 2−N
= 10h+ 10(1− q),
so that
h0(C,N ′π) = 10h+ 11(1− q) = N − (3q − 3).
But dimSEd = N, and the proposition is proved.
Proposition 8.4 If q ≥ 4 and φ : C → Eℓℓ is generic then there is no non-trivial
factorization of the composite morphism C → P1j .
PROOF: Suppose that
C
β
→ Γ
α
→ P1j
is a non-trivial factorization. Since C is generic, Γ is rational. Moreover, there is
a commutative diagram
C
ψ
//
β

❂
❂
❂
❂
❂
❂
❂
❂
❂
D
α′
//

Eℓℓ

Γ
α
// P1j
where D is the normalization of the fibre product Γ×P1
j
Eℓℓ. Since φ is generic,
dimφMor(C, Eℓℓ) ≤ dimψMor(C,D) + dimαMor(Γ,P
1
j). (8.5)
Put ζ = ζn = exp(2πi/n) and let
1
n
(r) denote the smooth 1-dimensional
quotient stack SpecC[z]/(Z/n), where Z/n = 〈σ〉 acts on SpecC[z] by σ∗z =
ζrz. Then Eℓℓ is everywhere locally isomorphic to 1
2
(2) = SpecC[z] × B(Z/2),
except that over j4 = 1728 it is
1
4
(2) and over j6 = 0 it is
1
6
(2).
Local calculation then reveals that D is everywhere locally 1
2
(2), except that
over every point x of Γ such that α(x) = j2n and at which the ramification index
of α is prime to n, D is locally 1
2n
(2). Suppose that for n = 2 or 3 there are r2n
such points x on Γ. Then
deg TD =
1
2
(2− 2pg(Γ)) +
(
−
1
2
+
1
4
)
r4 +
(
−
1
2
+
1
6
)
r6 = 1− r4/4− r6/3.
Therefore we can bound deg TD, as in Table 1, where we have written degα = a.
We now consider two cases separately.
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Table 1:
a (mod 6) r4 r6 deg TD
2, 4 ≥ 0 ≥ 1 ≤ 2/3
1, 5 ≥ 1 ≥ 1 ≤ 5/12
3 ≥ 1 ≥ 0 ≤ 3/4
0 ≥ 0 ≥ 0 ≤ 1
(1) degψ∗TD > 2q − 2. Since deg TD ≤ 1, it follows that degψ > 2q − 2, so
deg β = 1
2
degψ > q − 1. Since
a deg β = deg α deg β = 12 deg φ = 12(h+ 1− q)
it follows that
2a < 24(h+ 1− q)/(q − 1). (8.6)
Now refer to (8.5); we see that
10(h+ 1− q) + 1− q ≤ degψ∗TD + 1− q + 2a+ 1
= deg φ
(
1
a
deg TD
)
+ 1− q + 2a + 1,
so that
10(h+ 1− q) ≤ 24(h+ 1− q)
(
1
a
deg TD
)
+ 2a+ 1. (8.7)
Separate examination of the cases a = 2, ..., 6 leads to h + 1 − q ≤ 2,
contradiction.
If 23 ≥ a ≥ 7 then 1
a
deg TD ≤ 1/12, from the table. Then
10(h+ 1− q) ≤ 2(h+ 1− q) + 47,
so h+ 1− q ≤ 5.
If a ≥ 24 then 1
a
deg TD ≤ 1/24, and then combining the inequalities (8.6)
and (8.7) leads to q ≤ 3.
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(2) degψ∗TD ≤ 2q − 2. Since C is generic Clifford’s theorem gives
degD − 2 dim |D| ≥ ⌊
q − 1
2
⌋
for all special divisors D, so that taking D = ψ∗TD gives
dimψ Mor(C,D) ≤ h
0(C, ψ∗TD)
≤ 12(h+ 1− q)
(
1
a
deg TD
)
− 12⌊
q − 1
2
⌋+ 1.
It follows that
10(h+ 1− q) + 1− q ≤ 12(h+1− q)
(
1
a
deg TD
)
−
q − 1
4
+ 1
4
+ 1+ 2a+1.
Now deg β ≥ q
2
+ 1 since C is generic, so a ≤ 24(h + 1 − q)/(q + 2). If
a = 2 then 6h ≤ 63
4
q − 1
2
and if a = 3 then 8h ≤ 9q − 1, each of which is
impossible. If a ≥ 4 then 1
a
deg TD ≤
1
6
, which leads, after some calculation,
to q ≤ 3.
Suppose that ∆ is any curve of bidegree (1, 1) in P1j × P
1
j , let ∆˜
′ denote the
fibre product
∆˜′ = ∆×P1j×P1j Eℓℓ× Eℓℓ
and let ∆˜ be the normalization of ∆˜′. Note that, generically, ∆˜ is isomorphic to
∆× B(Z/2× Z/2), so that deg(∆˜→ ∆) = 1
4
.
Lemma 8.8 deg T∆˜ = 5/24 if ∆ contains the points (j4, j4) and (j6, j6) and
deg T∆˜ ≤ 1/12 otherwise.
PROOF: We consider separately the cases according to which of the special
points (j4, j4), (j4, j6), (j6, j4) and (j6, j6) lie on ∆ and summarize the results
in Table 2. Each case depends on local calculation.
Proposition 8.9 Suppose that φ1 : C → Eℓℓ is generic and that φ2 : C → Eℓℓ
is another morphism such that Ramφ1 = Ramφ2 .
(1) The image of the composite morphism C → P1j × P
1
j is a curve ∆ of
bidegree (1, 1).
(2) ∆ passes through the points (j4, j4) and (j6, j6).
(3) The image of C in Eℓℓ× Eℓℓ is the graph of an automorphism of Eℓℓ.
(4) φ1 and φ2 are equivalent under the action of AutEℓℓ.
PROOF: (1) follows from Propositions 8.3 and 8.4.
(2): Suppose this is false. Then, by Lemma 8.8,
dimφ1,φ2 Mor(C, ∆˜) ≤ 2 deg φ1 ×
1
12
+ 1− q.
But dimφ1,φ2 Mor(C, ∆˜) ≥ dimφ1 Mor(C, Eℓℓ), contradiction.
The rest follows at once.
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Table 2:
Special points on ∆ deg T∆˜
None −1/12
(j4, j4) 1/24
One of (j4, j6) and (j6, j4) 1/24
(j6, j6) 1/12
(j4, j6) and (j6, j4) 1/12
(j4, j4) and (j6, j6) 5/24
9 The variational Schottky problem for Jacobian
surfaces
The Schottky problem is that of determining the image of a moduli space under
a period map. As explained by Donagi [D], there is a variational approach to
this. For curves of genus q that are neither hyperelliptic, trigonal nor plane
quintics, his approach leads (see p. 257 of [D]) to the statement that the image
of the variational period map lies in the Grassmannian that parametrizes 3q− 3-
dimensional quotient spacesW of Sym2 V , where V is a fixed q-dimensional vector
space, and the kernel of Sym2 V → W defines a smooth linearly normal curve C
of genus q in P(V ). (It follows from this that the embedding C →֒ P(V ) can be
identified with the canonical embedding of C.)
For Jacobian elliptic surfaces of geometric genus h and irregularity q we get
something equally concrete provided that the inequalities (5.4) hold.
Let Z → JE be the universal ramification locus, of degree 10 + 8(1 − q)
over J E . The image of Z lies in a tensor product U ⊗ V where dimU = h and
dimV = 10h+ 8(1− q). Projecting to P(U) = Ph−1 leads, under the assumption
that the inequalities (5.4) are valid, to the following variational partial solution
to the Schottky problem. The solution is only partial because this projection
factors through the quotient J E/Gm.
Recall that JE can be described as follows.
Suppose that P = Ph+1−q → Mq is the universal Picard variety of degree
h + 1 − q line bundles L on a curve C of genus q. Then writing the equation of
X in affine Weierstrass form, namely as
y2 = 4x3 − g4x− g6,
shows that gn ∈ H
0(C, nL) and J E is birationally equivalent to a B(Z/2)-gerbe
over a bundle over P whose fibre is the quotient stack
(H0(C, 4L)⊕H0(C, 6L)− {(0, 0)})/G2m.
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The action of Gm on Eℓℓ leads to an action of Gm on J E and the quotient J E/Gm
is birationally equivalent to a B(Z/2)-gerbe over the universal |4L|× |6L|-bundle
over P.
Theorem 9.1 The image of the variational period map for Jacobian elliptic
surfaces lies in the locus V = Vh,q of zero-cycles Z in P
h−1 such that
(1) degZ = 10h+ 8(1− q);
(2) the intersection of the quadrics through Z is a curve C of genus q and degree
h+ q − 1;
(3) the divisor Z on C is linearly equivalent to 10L+KC and the hyperplane
class H on C is H = L+KC . So Z ∼ 10H − 9KC .
PROOF: This follows at once from the results of the previous section.
We can make this more precise. First, recall the idea of transvectants: if N
is a line bundle on a variety X over a field k and m,n ∈ Z, then there is a
homomorphism
N⊗m ⊗k N
⊗n → Ω1X ⊗OX N
⊗m+n
of sheaves on X defined, in terms of a local generator s of N , by
fs⊗m ⊗k gs
⊗n 7→ (m′fdg − n′gdf)⊗OX s
⊗m+n
where m′ = m/HCF(m,n) and n′ = n/HCF(m,n).
Suppose that X is projective; then at the level of global sections this defines
a k-linear homomorphism
H0(X,N⊗m)⊗k H
0(X,N⊗n)→ H0(X,Ω1X ⊗OX N
⊗m+n)
of finite-dimensional vector spaces. This morphism has several names, depending
on the context; for example, the first transvectant, the first Ueberschiebung, the
Jacobian determinant, the Gauss map, the Wahl map, the first Rankin–Cohen
bracket. Its relevance for us lies in the case where V = C, N = L, m = 4 and
n = 6.
Lemma 9.2 The ramification divisor Z, which is a point in |10L+KC |, lies in
the image of the projectivized first transvectant, which is a rational bilinear map
VL : |4L| × |6L| − − → |10L+KC |.
PROOF: Consider the elliptic surface given, in affine terms, by the equation
y2 = 4x3 − g4x − g6, where gn is a section of L
⊗n. Then the j-invariant is a
fractional linear function of the quantity j1 = g
3
4/g
2
6, and the lemma follows from
calculating the zero locus of dj1/dz when z is a local co-ordinate on C.
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Corollary 9.3 Z is irreducible.
PROOF: Z is dominated by |6L| × |4L|.
Let V (L) denote the image of the projectivized first transvectant.
Theorem 9.4 The image of the variational period map for Jacobian elliptic
surfaces equals the locus T of triples (C,L, Z) where
(1) C ∈ Mq;
(2) L ∈ Pich+1−qC ;
(3) Z ∈ V (L).
This locus is irreducible.
PROOF: The only things left to do is to observe that T is irreducible. But T is
dominated by Z.
10 Generic Torelli via the MMP
Here we prove a generic Torelli theorem for simple elliptic surfaces f : X → C,
assuming the inequalities (1.2) to hold. We do this first for simple algebraic sur-
faces. Our results so far permit us to assume that the base curve C is known; this
enables us to use the approach of Chakiris, as reinforced by the Minimal Model
Program. That is, we need only consider degenerations of simple elliptic surfaces
where the base curve C does not vary. This makes the birational geometry eas-
ier. However, whereas our recovery of C and the ramification divisor Z from the
period data was effective, this proof of generic Torelli is not effective.
We say that f : X → C is a special elliptic surface if there is a curve C ′
with an involution ι such that [C ′/ι] = C and an elliptic curve E such that X
is the minimal resolution of X = [C ′ × E/ι], where ι acts as −1 on E. More-
over, X is sesqui-special if X is special, EndA = Z for A = E or Jac(C ′) and
Hom(E, Jac(C ′)) = 0.
Lemma 10.1 The generic Torelli theorem holds for sesqui-special elliptic sur-
faces over a known curve C.
PROOF: Let Ei denote the set of (−2)-curves on a special elliptic surface X → C
that are exceptional with respect to X → X. Then we have equalities
H2(X,Q)prim = H
2(X,Q)prim ⊕
⊕
Q[Ei]
and
H2(X,Q)prim = H
2(C ′ ×E,Q)+ = H1(C ′,Q)− ⊗Q H
1(E,Q)
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of rational Hodge structures, since H1(E,Q)+ = 0. Then, by Proposition 10.2 of
[SB], the Hodge structure on H2(X,Q)prim determines that on H
1(C ′,Q)−. Since
we know C, and since H1(C ′,Q) = H1(C ′,Q)− ⊕H1(C,Q), we know the Hodge
structure on H1(C ′,Q). Now the generic Torelli theorem holds for curves and
their rational Hodge structures (in the sense that a generic curve is determined
by the rational Hodge structure on its H1; see [V], section 10.3.1). The same
argument works for pairs (C ′, ι) consisting of a curve and an involution, and the
Lemma is proved.
Theorem 10.2 Suppose that X → ∆ is a projective semi–stable 1-parameter
degeneration of elliptic surfaces over a fixed curve C of genus q > 0, that the
geometric generic fibre Xη¯ is simple, that dimH
1(OXη¯) = q and that there is no
monodromy on the second Betti cohomology of Xη¯. Assume also that, under the
period map, the image of 0 ∈ ∆ is the period matrix of a sesqui–special elliptic
surface V over C.
Then X → ∆ has good reduction.
PROOF: We can follow the proof of Theorem 9.1 of [SB] as far as the end of
Lemma 9.9 of loc. cit. This leads to a model of X → ∆ such that
(1) X has Q-factorial canonical singularities and X0 has slc singularities,
(2) there is a surface S with a proper semi–stable morphism g : S → ∆ and a
projective morphism f : X → S with only 1-dimensional fibres such that
KX/∆ is the pullback under f of a g-ample Q-line bundle L on S.
Then S0 is a tree, and S0 =
∑
Ci where C0 = C and Cj ∼= P
1 for all j > 0.
Say Pij = Ci ∩ Cj if this is not empty and let fi : Xi = f
−1(Ci) → Ci be the
morphism induced by f . So KX/∆|Xi ∼ f
∗
i Li for some Q-line bundle Li on Ci of
degree αi > 0.
Exactly as in loc. cit., we find that, if Xi is birational to a special elliptic
surface, then the fibres of the pair (Xi, Xj) over Pij are of the type either D4, D4)
or (I0, I0).
Now we use the hypothesis that 0 ∈ ∆ maps to the period matrix of a sesqui-
special surface V over C. Since the Hodge structure onH2(V,Q) is irreducible and
since, from the absence of monodromy,
∑
pg(Xi) = pg(V ), there is a unique index
i0 such that the Hodge structure on H
2(Xi0,Q) maps onto that on H
2(V,Q). It
follows that the global monodromy on H1 of the generic fibre of Xi0 → Ci0 is of
order 2, so that Xi0 is a special elliptic surface. We can also read off the genus
of the base Ci0 from the number of D˜4 (or D4) fibres on Xi0 and deduce that Ci0
has genus q, so that i0 = 0.
Moreover, h2(OXj ) = 0 for all j 6= i0.
Suppose that X0 has b0 double curves of type D4 and c0 of type I0. Then, by
the adjunction formula, KX0 ∼ f
∗
0 (L0 −
1
2
b0 − c0), and deg(L0 −
1
2
b0 − c0) = α0 −
1
2
b0−c0. NowKV ∼ f
∗M , where degM = h+q−1, so that α0 = h+q−1−
1
2
b0−c0.
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On the other hand, KXt ∼ f
∗
t A, where degA = h + q − 1, and also degA =∑
αi. Since αi > 0 for all i, it follows that X0 = X0, as required.
Theorem 10.3 The generic Torelli theorem holds for the weight 2 Hodge struc-
tures of simple elliptic surfaces provided that the inequalities (1.2) hold.
PROOF: For simple algebraic surfaces this follows at once from the results that
we have proved here. Since ∪dSEd is everywhere dense in SE , the result for
algebraic surfaces implies the result in general.
11 Multiple surfaces
An elliptic surface f : X → C is multiple if it is not simple; that is, if it has mul-
tiple fibres. As far as the period map is concerned there is not much to be said
about these. Kodaira proved that, given f : X → C, there is a simple elliptic sur-
face g : Y → C such thatX is obtained from Y by logarithmic transformations; in
particular, there is a finite subset S of C such that, if C0 = C −S, X0 = f
−1(C0)
and Y0 = g
−1(C0), then X0 and Y0 are isomorphic relative to C0, but are not
usually bimeromorphic. In this situation the sheaves f∗ωX/C and g∗ωY/C are iso-
morphic ([Sch], p. 234). It follows that f∗Ω
2
X and g∗Ω
2
Y are isomorphic and then
that the weight 2 Hodge structures on X and Y are isomorphic.
We deduce that
(1) the period map cannot detect the presence of multiple fibres on an elliptic
surface and
(2) the generic Torelli theorem that we have proved for simple elliptic surfaces
shows that, generically, the “untransformed” simple surface Y is determined
by the period matrix of X, and so by X.
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